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Abstract. Modern live cell fluorescence microscopy imaging systems,
used abundantly for studying intra-cellular processes in vivo, generate
vast amounts of noisy image data that cannot be processed efficiently
and accurately by means of manual or current computerized techniques.
‘We propose an improved tracking method, built within a Bayesian proba-
bilistic framework, which better exploits temporal information and prior
knowledge. Experiments on simulated and real fluorescence microscopy
image data acquired for microtubule dynamics studies show that the
technique is more robust to noise, photobleaching, and object interac-
tion than common tracking methods and yields results that are in good
agreement with expert cell biologists.
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1 Introduction

Live cell imaging using time-lapse fluorescence microscopy has rapidly advanced
in the past decade and has opened new possibilities for studying intra-cellular dy-
namic processes in vivo. Motion analysis of nanoscale objects, such as proteins,
vesicles, or microtubules (Fig. 1), requires tracking of large and time-varying
numbers of spots in noisy image sequences [1-3]. Manual analysis of such image
data is laborious and often produces results with poor accuracy and/or repro-
ducibility. Hence, the development of automated tracking methods is of great
importance. Commonly used tracking methods fail to yield reliable results in the
case of poor imaging conditions (SNR<5) [4], because the detection is usually
based on simple intensity thresholding or model fitting, and available tempo-
ral information and prior knowledge are largely ignored. Alternative techniques,
based on spatiotemporal segmentation [5], are also prone to errors in the case of
very noisy images containing many objects at high densities.
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Fig. 1. Microtubules tagged with fluorescently labeled plus end tracking proteins
(bright spots) and imaged using fluorescence confocal microscopy. The images are sin-
gle frames from three 2D time-lapse studies, acquired under different experimental
conditions. The quality of the images ranges from SNR~5-6 (a) to ~2-3 (c).

Recently, sequential Monte Carlo (SMC) methods [6], also known as particle
filters (PF) [7], have become a popular tool to perform tracking in many fields. In
this paper we extend our previous PF approach [8] and present a substantially
more efficient Rao-Blackwellized marginal particle filter (RBMPF) for robust
and accurate tracking of multiple nanoscale targets in two-dimensional (2D) and
three-dimensional (3D) fluorescence microscopy image sequences. The RBMPF
takes into account the analytical structure of the modeled processes and makes
it possible to reduce the variance of the estimates in the case of high-dimensional
state spaces, where standard PF fails. We compare the performance of standard
PF and RBMPF with manual tracking using simulated as well as real image
data acquired for microtubule dynamics studies.

2 Tracking Framework

Bayesian estimation for tracking aims at inferring knowledge about the unob-
served state x; of an object, which changes over time, using noisy measurements
z1.4 = {z1,...,2;} up to time ¢. The state evolution is modeled as a Markov
process of initial distribution p(x¢) and transition prior p(x;|x;—1). The idea is
to sequentially estimate the time evolving joint filtering distribution p(xo.t|z1.¢)
or the marginal filtering distribution p(x¢|z1.¢) and associated features, such as
expectation. A recursive formula for the former is given by [6]

P(X0:t|Z1:¢) o p(2e|xe) p(Xe| Xt —1)P(X0:t—1]Z1:6—1). (1)

It is assumed that the initial pdf, p(xo|zo) = p(x0) is available (z1.9 = zo being
the set of no measurements). The distribution p(x;|z;.+) follows from (1) as

P(X¢|2Z1:4) OCP(Zt|Xt)/p(Xt|Xt—1)p(Xt—1 |Z1:p—1)dxX;—1. (2)
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The optimal Bayesian solutions defined by the recurrence relations (1) and
(2) are analytically tractable only in a restrictive set of cases [7]. For most
practical models of interest, SMC methods [7,9] are used as an efficient numerical
approximation. Here, the required posterior, p(xo.t|21.¢), is represented as a set

of N, random samples (particles), and associated weights {Xéf%, w,gi)}ZN;I:

p(xoulz1e) = S wiVé(xo. — x3)), (3)

where 0(+) is the Dirac delta function and the weights are normalized such that

Zf\il wt(l) = 1. These samples and weights are propagated through time to give
an approximation of the filtering distribution at subsequent time steps. The
weights wt(z) are chosen using sequential importance sampling (SIS) [10], which
applies when auxiliary knowledge is available in the form of an importance den-
sity q(x¢|x0.t—1, 21.¢) describing which areas of the state-space contain most infor-
mation about the posterior. In order to calculate the weights recursively, the im-
portance density is factorized as q(xo.t|z1.t) = q¢(X¢|X0:4-1, 21:¢)q(X0:—1]2Z1:t—1)-
The particle representation of the posterior at time ¢ is obtained by augmenting
the set of existing particles x/}_; with the new state x\” ~ q(x;|x)_,,z14). A
detailed formulation of ¢(+|-) is given in Section 3.4. The weights wt(l) in (3) may
be recursively updated as [10]

() o POolzie) _ Pl e xi%) )
Wy & - (i), (4) Wy q- ( )
q(x0:|Z1:¢) (% % —15 Z1:¢)

In order to obtain the particle representation of p(xt|z1.:), only x,@ need

to be stored and the path xgzn)f_l can be discarded. Each particle at time ¢,
used to augment the previous state, is a draw from the joint space p(xo.+|Z1.¢),
sampled sequentially. At each time step, the dimension of the sampled paths is
increased by the dimension of the state space, n,, quickly resulting in a very high-
dimensional space. Because of the sequential nature of the algorithm, the vari-
ance of the importance weights can only increase (stochastically) over time [10],
leading to most paths having vanishingly small probability. The degeneracy ef-
fect can be reduced by a good choice of importance density (Section 3.4) and
by resampling [7,10] to eliminate particles with small weights. Additionally, it
can be reduced by using the marginal particle filter (MPF) [11], where the filter-
ing is performed directly on the marginal distribution p(x|z1.:) defined by (2)
instead of on the joint state. Having a representation of p(x¢|z1.t) in the form
of (3), we can approximate the integral in (2) as the weighted kernel estimate

Zjvzl wgi)lp(xt|x§{)1). The importance weights are now on the marginal space:

i N, ' DG
w'? o P(X¢|Z1:4) _ plze|x; )) ij'l wt(j_)lp(xg )‘ng—)l) (5)
C o Gl L)

The variance of the importance weights is less than or equal to the variance of the
standard SIS scheme [11]. By using particle representations, statistical inferences
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such as expectation, maximum a posteriori, and minimum mean square error
(MMSE) estimators, can easily be approximated. For example,

&%\/{MSE = thp(Xt|let)dXt ~ Zfil xgi)wt(i). (6)

Straightforward generalization of SMC methods to the problem of multiple
object tracking leads to an increase in dimensionality and an exponential ex-
plosion of computational demands [6]. We represent the multi-modal posterior
distribution, in which multiple modes are caused by ambiguity about the ob-
ject state due to either insufficient measurements or measurements coming from
multiple objects being tracked, by an M-component mixture model [12]:

p(Xt|Z1:t) = Zﬁle Wm,tpm(xt|zl:t), (7)

with an\le Tm,t = 1 and a non-parametric model is assumed for the individual
mixture components. In this case, the particle representation of the filtering
distribution, {xgi),wt(i)}fil with N = M N, particles, is augmented with a set
of component indicators, {cgi) N |, with cgi) = m if particle ¢ belongs to mixture
component m. This representation can be updated in the same fashion as the

standard Bayesian sequential estimation [12].

3 Tailoring the Framework

3.1 State-Space and Dynamics

In this paper the framework is tailored towards microtubule (MT) tracking.
MTs are cylindrical structures (diameter ~25 nm) in the cytoskeleton that play
a crucial role in several cellular processes [13]. We approximate the dynamic
behavior of the visible ends of MTs by a nearly constant velocity model [14]
with the state vector x; = (4,34, Yt, Ui, 24, 215 Omax.t, Ominst, Tz.05 It) T, where
(Omax.ts Tmint, Tzt) L £ s, is the object shape feature vector (Section 3.2), (2, s,
)T £ r; is the radius vector, i, = v; velocity, and I; object intensity.

In practice, the analysis of time-lapse fluorescence microscopy image se-
quences is complicated by photobleaching, a light-induced chemical process by
which fluorescent proteins lose their ability to fluoresce. The two commonly used
approximations of the process are given by [15]

Zt

It)=Ae~ + B, and  I(t) =Io <1+(t/L)k),_1 (8)

where A, B, a, Iy, L, k are experimentally determined constants. Photobleaching
is ignored by common tracking techniques but in many practical cases it is
necessary to model it so as to increase robustness. To conveniently incorporate
the photobleaching effect into our framework, we approximate it as a first-order
Gauss-Markov process, I; = (1 — «)I;_1 + ug, where uy is zero-mean Gaussian
noise and o < 1 an experimentally obtained rate of photobleaching, which can
be estimated from image data, using (8), by model fitting.
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In summary, in our implementation, the state evolution p(x;|x;—1) is a linear
Gaussian model [10], which can easily be evaluated pointwise in (4):

p(x¢|x4—1) o exp (—;(xt - Fxt_l)TQfl(xt — Fxt_l)) , (9)

with process transition matrix F = diag[F;,F1,F1,1,1,1,1 — o] and covariance
matrix Q = diag[Qh Qla Qla q2Ta q2T7 qQTa qu] Here,

(1T _ %T‘?’ ‘121T2>
Fl_(o 1)’ Q1_<q21T2 Q1T ’
where ¢1, g2 and g3 denote the level of process noise in object motion, appearance
and intensity, respectively, and T is the sampling interval. The proposed model
correctly approximates small accelerations in object motion and fluctuations in
object appearance and intensity. To obtain a more realistic motion model and
avoid track coalescence in the case of multiple objects, we explicitly model object
interaction using a Markov random field (MRF) [8,16]. The model (9) can also

be successfully used for tracking structures with higher motion nonlinearity, by
adapting the process noise level, defined by Q.

3.2 Observation Model

The image formation process can be modeled as a convolution of the true, unob-
served 3D image with the point-spread function (PSF) of the microscope. The
PF framework can accommodate any PSF that can be calculated pointwise. De-
spite its minor imperfection, the 3D Gaussian approximation of the PSF [3] is
commonly favored over the more accurate Gibson-Lanni model [1], for its com-
putational advantages. To model the shape of the intensity profile of an imaged
object, one would have to use the convolution with the PSF for every state xff).
To overcome this computational overload, we model the PSF together with ob-
ject shape using a 3D Gaussian approximation. The elongation in the intensity
profile of MTs can be modeled by utilizing the velocity components from x; as
parameters in the PSF. In this case, for an object of intensity I; at position ry,
the intensity contribution to pixel (i, j, k) is approximated as

he(i, J, ki Xe) = ae(i, J, k1o, Vi, s¢) I + by, (10)

where b; is the background intensity and

1 kA, — tan 6;)*
at(i7jak;rtavt7st) = exp (_2m{Rth_lRmt - ( K Zt”th o t) ) (11)

2
202’,5

with 0, (=~ 235nm) modeling the axial blurring, z, denoting the measured
intensity, and R = R(¢;) denoting a rotation matrix

1,

—sin¢; cos ¢y O min, JAy =y
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Om,t (et) = Omin,t — (amin,t - amax,t) COS 9157

——t tang, =L —r <40, <

In these formulae, each pixel (i, j, k) is assumed to correspond to a rectan-
gular volume of dimensions A, x A, x A, nm?. The parameters Omax,t and
Omin,t Tepresent the amount of blurring and, at the same time, model object
elongation along the direction of motion. For subresolution structures such as
vesicles, Omin = Omax ~ 80nm, and for the elongated MTSs, oy, &~ 100nm and
Omax ~ 300nm. For the background level estimate b; we use the average image
intensity at time ¢, taking into account the contribution of object intensity values
to the total image intensity (mainly formed by background structures with lower
intensity) is negligible. For a typical 2D image of size 10% x 10 pixels containing
a thousand objects, the number of object pixels is only about 1%.

tan Gt =

3.3 Rao-Blackwellization and Likelihood

As mentioned in Section 2, in the case of high-dimensional state spaces (in
our case n,=10), the SIS becomes inefficient and leads to variance increase of
the estimator. However, when the transition and observation models have an
analytically tractable structure, the size of the state space can be drastically
reduced by analytical marginalization of some of the state variables, also called
Rao-Blackwellization [6]. In our case, for each realization of state variable y, =
(r¢,vi,s¢)T, we have a linear Gaussian transition and observation model for the
intensity I;. For such models the optimal solution can be obtained analytically
using the Kalman filter. We therefore combine a PF to compute the distribution
of the discrete states y; with a bank of Kalman filters to compute exactly the
distribution of the continuous state. With the factorization

p(ye, Ii|z1:) = p(Le|ye, 21:4)p(Ye|Z1:4)s (12)

the density p(I¢|y¢,21.t), which is Gaussian, can be computed analytically by
applying the Kalman filter:

p(Lelye, z1:4) = N(It‘lﬂta Pt|t)a (13)

with NV (+|p, 0?) the normal distribution with mean p and variance o2,

Lijp—1 = (1= a)l_1p4—1, Ly = Lipp—y + Ki(Zy — Helyjp—q),
Pyeo1 = (1= a)* P 1 + a7, Py = Pyp—1 — K Hi Py,
Sy = Htpt\tletT + Ry, K, = Pt\tletTSffI»

and the vectors H; and Z; are formed as

Ht:("'7a’t(iaj7k;rtvvtast)a"')Ta Zt:(""Z(iaj7k)7bt7"')T7 (14)
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for all triplets (¢,7,k) € C(x;), where C(x;) is the region of pixels that are
affected by the object with state x; and is defined as C(x;) = {(i,j, k) € Z3 :
ag (4, j, k;re, v, s¢) > 0.1}, The covariance matrix of the measurement noise Ry
models the Poisson noise, the main source of noise in fluorescence microscopy
imaging, and is given by R; = diag][. .., h¢(4, j, k;X¢), . . . ]. The recursive Bayesian
solution is applicable as long as the statistics of the measurement noise is known
for each pixel. Thus, we need to estimate only p(y¢|z1.¢), using a PF, in a space
of reduced dimension, which satisfies the alternative recursion

P(ye|z1:4) o p(Yi—1|21:4—1)D(2¢ Y5 Z1:6—1)P(Ye|Ye—1)- (15)

The likelihood p(z¢|y¢,21..—1) does not simplify to p(z:|y:) because there is a
dependency on past values through Ij.;. For conditionally linear models, we have
P(2ze|ye, z1:0-1) = N(be+H Iy, St) [6]. The variance of the importance weights
for RB(M)PF is lower than for (M)PF [11]. Also, for the same performance, fewer
MC particles are needed. This is because the dimension of p(y:|z1.+) is smaller
than that of p(x¢|z1.¢). Another reason is that optimal algorithms are used in
order to estimate the linear state variables.

3.4 Data-Dependent Sampling

Basic PFs [7,9], which use the proposal distribution q(x|x;—1,2:) = p(x¢|x¢—1),
usually perform poorly because too few samples are generated in regions where
the desired posterior p(x¢|z1.) is large. In order to construct a proposal dis-
tribution which alleviates this problem and takes into account the most recent
measurements z;, we propose to transform the image sequence into probability
distributions. True spots are characterized by relatively high intensities with con-
vex profiles. Noise-induced local maxima typically exhibit a random distribution
of intensity changes in all directions, leading to a low local curvature [3]. These
two discriminative features (intensity and curvature) are used to construct an
approximation of the likelihood L(z:|x;), using the image data available at time
t. For each object we use the transformation

= elg) — (Go * Zi(re))" Ky (re)
Pm(vilzi) fcm,t(GU * Zy (1)) k3 (v )dodydz’

VI‘t S Cm7t7 (16)

where G, is the Gaussian kernel with scale o, Z; denotes a first-order interpo-
lation of z;, Chy, ¢ is the circular region (with radius defined by the covariance
matrix of p(x:|x¢—1), e.g. 3-standard-deviation level) centered at the object po-
sition predicted from the previous time step, the curvature k; is given by the
determinant of the Hessian matrix H of the intensity Zz;:

ki(ry) = det(H(ry)), H(r,) =V -V73(r), (17)

and the exponents r > 1 and s > 1 weigh each of the features and determine the
peakedness of the likelihood. Using this transformation, we define the new data
dependent proposal distribution for object m as

G (YelYt-1,2t) = Dm (re|ze )N (Ve |y — f%l\fd—lea Ev)N(St|S%}\E1Ea qT), (18)
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where the covariance matrix 3, = diag[¢1T, ¢1T, ¢:T]. Contrary to the original
proposal distribution, which fails if the likelihood is too peaked, (18) generates
samples that are highly consistent with the most recent measurements in the
predicted (using the information from the previous time step) regions C,, ;. A
mixture of both proposal distributions gives excellent results:

A (Yilyi—1,2t) = 0(yelyi—1) + (1 — V) @m (yelyi—1,2¢),

where 0 < v < 1. Compared to the regular one, this proposal distribution scales
much better to smaller sample sizes.

3.5 Track Initialization and Management

The initialization of the proposed RBMPF can be done by manually specifying
the objects of interest in the first frame, or by using a completely automatic
initialization procedure [8]. The latter, also used for detection of newly appearing
objects in subsequent frames, divides the image space into rectangular 3D cells
and samples N; particles according to importance function (16). The number
of sampled particles in each cell represents the degree of belief in object birth.
In cells (not containing any of the M existing objects) with counts larger than
some threshold N;y, new tracks are initiated with initial mixture weights mq.
The threshold Ny can be estimated experimentally and depends on Ng, cell
volume and the number of bright spots in the image data.

Whenever objects pass close to one another, the object with the best like-
lihood score typically “hijacks” particles of nearby mixture components. This
problem is partly solved using the MRF model for object interactions [8]. To
better resolve the ambiguity in such situations, the Hough transform is used
for each spatiotemporal ROI of 3-5 frames, C), 74+, to correctly model
velocity changes. If object m passes close to a new object, the distribution
Pm (X¢|Z1.¢) becomes too diffuse in a few time steps and the reclustering proce-
dure ({c’gi)}, M) = F({x,(f)}7 {cgi)}, M) [12] is performed to initiate new tracks.
Merging of objects does not occur in our application and is therefore forbid-
den. If the mixture weight m,,: is below some predefined threshold level 7,
component m is removed from the mixture and the track terminated.

4 Experimental Results

4.1 Evaluation on Synthetic Data

The RBMPF was first evaluated and compared to the standard PF using syn-
thetic but realistic 2D image sequences (20 frames of 512 x 512 pixels) of moving
MT-like objects (10 —20 objects per frame), generated according to (9) and (10),
for different SNRs (Fig. 2) in a range around SNR=4, which has been identi-
fied by previous studies [4] as a critical level at which several popular tracking
techniques break down. Object velocities ranged from 200 to 700 nm/sec, rep-
resentative of published data [13]. The PFs used 300 samples per object and
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Fig. 2. Examples of synthetic images used in the experiments. The left image is a frame
from one of the sequences (SNR=7) with the trajectories of the 20 moving objects
superimposed, illustrating the motion patterns allowed by the linear state evolution
model (9). The right image is a frame from another sequence (SNR=4), giving an
impression of object appearance. The insets show zooms at different SNRs.
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Fig. 3. Average RMSE (left) for different SNRs, and RMSE per track (right, SNR=4),
for manual and automatic tracking in the described synthetic data sets.

the algorithm parameters were as follows: oyax = 250 nm, opi, = 100 nm,
Ay, =A,=50nm,r=5s=1,¢ =3, a=103and g2 =0.04, g3 =1, T =1
sec. SNR is defined as the difference in intensity between the object I, and
background I, divided by the object noise, o, = /I, [4]. Tracks were initialized
manually in desired regions of interest in the first frame, or automatically using
the described procedure, giving similar results.

Having the ground truth for the synthetic data, we evaluated the accuracy
of the tracking and compared the PF techniques and manual tracking (done by
five independent expert observers). To quantify the localization error, we used
the traditional root mean square error measure [3]. Figure 3 shows the RMSE in
the object position estimates as a function of SNR for the manual tracking and
using the PF techniques. The localization error of our algorithm is in the range
of errors made by experts. The error bars represent interobserver variability and
indicate that manual tracking performance degrades significantly for low SNRs.
The figure also shows the reduction of the variance when the RBMPF is used,
compared to the standard PF. The RBMPF was also evaluated on 3D synthetic
image sequences, with 20 optical slices, o, = 250 nm, A, =200 nm. The RMSE
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Fig. 4. Examples of velocity distributions (left) and velocity estimation for 10 rep-
resentative M'T objects (right) obtained with our RBMPF-based automatic tracking
algorithm versus manual tracking applied to real fluorescence microscopy image se-
quences of growing MTs (data set in Fig. 1(a), SNRA5).

in this case was higher (about 300-400 nm), due to the approximately three times
lower optical resolution of the modeled imaging system in the axial direction,
and the variance reduction by using RBMPF was not significant, due to the
increase of the state space dimension for the PF from 6 to 9.

4.2 Evaluation on Real Data

The algorithm was also applied to real 2D fluorescence confocal microscopy
image sequences acquired for MT dynamics studies [13]. Three representative
data sets (of size 512 x 512 pixels, 30 time frames, examples of which are shown
in Fig. 1) were preselected from larger volumes by manually choosing the regions
of interest. In these experiments, the parameters of the algorithm were fixed to
the same values as in the case of the synthetic data. Using the automatic track
initiation procedure, the tracker simultaneously followed 10-30 spots during 3—20
consecutive frames until their disappearance.

Lacking ground truth for the real data, we evaluated the performance of
our algorithm by comparison with manual tracking results from two expert cell
biologists. Distributions of instant velocities estimated using our RBMPF-based
algorithm versus manual tracking for SNR&5 are presented in Fig. 4. Application
of a paired Student ¢-test per track revealed no statistically significant difference
between the results of our algorithm and that of manual tracking, for both
expert human observers (p>>0.05 in all cases). The difference in average velocity
(over 10 tracks) between automatic and manual tracking was less than 1%, for
both observers. Our velocity estimates are also comparable to those reported
previously based on manual tracking in the same type of image data [13]. Two
different example visualizations of real data together with the results of tracking
using our algorithm are given in Fig. 5.

5 Discussion and Conclusions

We have presented a Rao-Blackwellized marginal particle filter for tracking of
multiple objects in molecular bioimaging data. The proposed approach contains



Rao-Blackwellized Marginal Particle Filtering 11
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Fig.5. Left: Results (six tracks) of automatically tracking MTs in the presence of
photobleaching, illustrating the capability of our algorithm to capture newly appearing
objects (tracks 5 and 6) and to detect object disappearance (track 4). It also shows
the robustness of the algorithm in the case of closely passing objects (tracks 1 and 5).
Right: Visualization of tracking results produced by our algorithm in the case of the
real data of Fig. 1(a). Shown are five frames (time is increasing from bottom to top)
with the trajectories rendered as small tubes.

several improvements over previous PF-techniques. Specifically, the robustness
and reproducibility of the algorithm are improved by means of a new importance
function for data-dependent sampling and by using marginalization for both the
filtering distribution and selected variables from the state vector. These modifi-
cations reduce the number of MC samples required for tracking from 10°—10° [8]
to 102 — 103. Compared to existing deterministic approaches, which perform ob-
ject detection prior to linking using non-Bayesian maximum likelihood or least
squares estimators, the proposed estimator optimally exploits temporal infor-
mation and prior information about the parameters, resulting in lower variance.
As the experiments show, even in data with SNR as low as 2 (which is not un-
common in practice), our algorithm still yields reliable tracking results, whereas
common frame-by-frame approaches break down at SNR<4-5 [4].

The results of the experiments on synthetic image data suggest that our al-
gorithm is potentially more accurate than manual tracking by expert human ob-
servers. The experiments on real fluorescence microscopy image sequences from
MT dynamics studies showed comparable performance. This is explained by the
fact that in the latter experiments, we were limited to comparing distributions
and averages (Fig. 4), which may conceal small local discrepancies, especially
when the objects’ velocities vary over time. Instant velocities were also analyzed
per track but could not be quantitatively validated due to the lack of ground
truth. Nevertheless, the results indicate that our algorithm may replace labori-
ous manual procedures. Currently we are evaluating the method also for other
biological applications to further demonstrate its advantages over current means
of manual and automated quantification of subcellular dynamics. Our findings
encourage use of the method to analyze complex biological image sequences not



12

I. Smal et al.

only for obtaining statistical estimates of average velocity and life span, but also
for detailed analyses of complete life histories.
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